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Abstrat
The aim of this paper is to present a short introdution to supergeometry on pure odd super-
manifolds. (Pseudo)dierential forms, Cartan alulus (DeRham dierential, Lie derivative,
"inner" produt), metri, inner produt, Killing's vetor elds, Hodge star operator, integral
forms, o-dierential and onnetion on odd Riemannian supermanifolds are introdued. The
eletrodynamis and Einstein relativity with anti-ommuting variables only are formulated
modifying the geometry beyond lassial (even, bosoni) theories appropriately. Extension of
these ideas to general supermanifolds is straightforward.
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1 Introdution
Supergeometry is an interesting and fruitful branh of mathematis with a variety of
powerful appliations in modern theoretial physis, in partiular in SUSY, supergrav-
ity and superstrings. From a purely mathematial point of view, supergeometry is
natural extension of the ordinary dierential geometry by Grassmann variables. Suh
anti-ommuting extensions represent an essential and inspiring feature of all super-
mathematis.
The rst paper about supermathematis was the work of Martin [1℄, in whih the las-
sial limit of a system with fermioni degrees of freedom was disussed. This theory,
later alled pseudolassial mehanis was independently developed in the middle of
70thies by Berezin and Marinov [2℄-[3℄, Casalbuoni [4℄-[5℄ and others. Sine the Grass-
mann variables beame an invaluable tool in the desription of fermions, and beause
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their natural ombination with even (bosoni) degrees of freedom led at the beginning
of 70thies to the disovery of supersymmetry, it was a neessary to build a rigorous
mathematial theory, whih would be able to desribe both (even and odd) degrees of
freedom. Systematial investigation in this diretion was initiated at the beginning of
60thies by Berezin [6℄-[7℄, but the main goals of the supermathematis were established
during 70thies largely by the Russian mathematial shool led by Berezin. More details
about supergeometry (and also about its hronology) an be found in the review artile
[8℄, and in the famous Berezin book [9℄ whih ould be indeed regarded as the Bible of
supermathematis (see also referenes therein).
The aim of this paper is to present a very short introdution to supergeometry over
pure odd supermanifolds (setions 2-4). Using supergeometrial methods, we explain
the eletromagnetism desribed only by anti-ommuting oordinates (setion 5); suh
extravagant theory is alled with a grain of salt Grassmann eletrodynamis. After the
denition of linear onnetion on pure odd Riemannian supermanifold we shall be able
to reveal an odd analogy of the resulting theory with the Einstein theory of relativity
(setion 6). All this "odd business" (in both meanings of the word "odd") is based
on lassial geometrial analogy, similarly as pseudolassial mehanis developed by
Martin, Berezin and Casalbuoni.
2 (Pseudo)dierential forms
The (pseudo)dierential forms on an arbitrary smooth (real) m|n-dimensional super-
manifold M was in general investigated in the framework whih is applied below in
[10℄.
We shall study the basi properties of the (pseudo)differential forms on a pure odd
(0|n-dimensional) real supermanifold, i.e. on R0|n. The odd n-dimensional Carte-
sian spae R0|n is overed by n global Grassmann oordinates (ξ1, . . . , ξn) and the
superalgebra of funtions F(R0|n) oinides with exterior (Z2-graded) algebra
∧
Rn =
[
∧
Rn][0] ⊕ [
∧
Rn][1].
The tangent bundle of R0|n is a supermanifold TR0|n = R0|n×R0|n with a set of global
anti-ommuting oordinates (ξ1, . . . , ξn, σ1, . . . , σn) transforming under the transfor-
mation of oordinates ξα 7→ Ξα(ξ) on the base R0|n as
(ξα, σα) 7→
(
Ξα(ξ), Σα(ξ, σ) = σβ
∂ Ξα
∂ ξβ
)
. (1)
The odd funtions Ξα(ξ) in (1) guarantee that the parity of oordinates on TR0|n is
preserved. Throughout the paper, we use left derivatives with respet to Grassmann
variables and Einstein summation onvention. The parity of any objet O (with re-
spet to anti-ommuting variables) is denoted by O˜, and to distinguish Grassmann and
ordinary variables we use Greek letters for the former and Latin letters for the latter.
The odd tangent bundle ΠTR0|n = R0|n×Rn is a supermanifold whih is obtained from
TR0|n by hanging the parity of the ber variables σα. The oordinate transformation
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on supermanifoldR0|n indues the orresponding transformation on odd tangent bundle
(ξα, yα) 7→
(
Ξα(ξ), Y α(ξ, y) = yβ
∂ Ξα
∂ ξβ
)
. (2)
It is well known (for more details see [11℄, but we hope that it will beome lear from
our next explanation) that the superalgebra of dierential forms on R0|n an be
identied with Z2-graded algebra Pol (ΠTR
0|n) = Pol (Rn)⊗
∧
Rn of all polynomials
with real oeients over supermanifold ΠTR0|n. There is one to one orrespondene
between the dierentials of Grassmann variables dξα (even quantities) and the even
variables yα overing bers in ΠTR0|n. Their natural generalization leads to the de-
nition of pseudodierential forms over R0|n, namely, the superalgebra of pseudod-
ierential forms is dened as the Z2-graded algebra C
∞(ΠTR0|n) = C∞(Rn)⊗
∧
Rn.
The standard dierential operations on forms, DeRham dierential, Lie derivative and
inner produt, are identied with speial vetor elds on ΠTR0|n. To obtain their exat
forms we use the fruitful idea of Maxim Kontsevih, who pointed out (see [12℄) that
the odd tangent bundle of arbitrary m|n-dimensional supermanifold M is anonially
isomorphi to the supermanifold of all supermaps R0|1 →M. In our ase
ΠTR0|n ≡ { supermaps: R0|1 → R0|n} . (3)
An arbitrary supermap Φ ∈ ΠTR0|n is expressed in oordinates (by using Taylor ex-
pansion in θ) as
Φ : θ 7→ ξα(Φ(θ)) = ξα + θyα .
It is lear that suh Φ is haraterized by n odd and n even oordinates, whih transform
in aordane with (2).
The supergroup Di (R0|1) = {dieomorphisms:R0|1 → R0|1 ; θ 7→ θ′ = θa+β} denes
via its natural right ation
ΠTR0|n ×Di (R0|1)→ ΠTR0|n , (Φ, g) 7→ Φ ◦ g ,
the left invariant (fundamental) vetor elds E, Q on ΠTR0|n. Their expression in
oordinates is very simple, namely
E = yα∂yα Euler eld (E˜ = 0) , (4)
Q = yα∂ξα DeRham dierential (Q˜ = 1) . (5)
The Euler vetor eld "measures" the degree of homogenity of (pseudo)dierential
forms under the supergroup ation, therefore the superalgebra C∞(ΠTR0|n) has also a
natural Z-graded struture (f ∈
[
C∞(ΠTR0|n)
](k)
⇔ Ef = kf =: deg (f)f). A diret
alulation gives the (super)ommutation relations in the Lie superalgebra di (R0|1):
[E, E] = 0 , [E, Q] = Q , [Q, Q] = 2Q2 = 0 . (6)
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Similarly, the supergroup Di (R0|n) = {dieomorphisms of R0|n} ats on the odd
tangent bundle ΠTR0|n,
Di (R0|n)× ΠTR0|n → ΠTR0|n , (g,Φ) 7→ g ◦ Φ .
Therefore to any element V = V (ξα)∂ξα = V
α(ξ)∂ξα of the orresponding Lie superal-
gebra di (R0|n) = X(R0|n) = Der (F(R0|n)) we an assign unique vetor eld V ↑ on
ΠTR0|n. A straightforward oordinate omputation1 gives
V ↑ = V (ξα)∂ξα + (−1)
V˜Q(V (ξα))∂yα ⇒ V˜ ↑ = V˜ . (7)
Apart from this natural lifting onstrution, it is also possible to assoiate to any
V ∈ X(R0|n) ertain vetor eld V↑ on ΠTR
0|n
suh that V˜↑ = V˜ + 1 and
[V↑, Q] = V
↑ . (8)
Obviously, the oordinate expression for V↑ is
V↑ = V (ξ
α)∂yα . (9)
For any vetor elds V, W ∈ X(R0|n) it is easy to onrm the validity of superommu-
tations relations
[E, V ↑] = 0 , [E, V↑] = −V↑ ,
[V ↑, Q] = 0 , [V ↑, W ↑] = [V, W ]↑ ,
[V↑, W↑] = 0 , [V
↑, W↑] = [V, W ]↑ .
(10)
The vetor eld V ↑ orresponds to the Lie derivative LV (with respet to V ) ating
on forms, whereas V↑ represents the inner produt iV (with V ). Equation (8) is the
famous Cartan formula.
An arbitrary (pseudo)dierential form is a polynomial (funtion) on the supermanifold
ΠTR0|n and therefore it an be expressed in any loal oordinates as
f = f(ξ, y) =
n∑
β=0
∑
α1,...,αβ
fα1,...,αβ(y) ∧ ξ
α1 ∧ . . . ∧ ξαβ , (11)
with ordinary real polynomials (funtions) fα1,...,αβ(y), whih are skew-symmetri in
the indies α1, . . . , αβ.
The integral of the pseudodierential form f over R0|n is dened as Berezin integral
(for more details see [9℄,[11℄) of a funtion f on ΠTR0|n:
I[f ] :=
∫
∧
Rn
dξ
∫
Rn
dy f(ξ, y) . (12)
1
In the ase of an odd vetor eld (V˜ = 1) it is neessary to onsider instead of ow the superow
(homomorphism of the supergroups R1|1 and Di (R0|n)), whose innitesimal (∆t,∆ǫ) ation in the
oordinates is: ξα 7→ ξα +∆ǫV (ξα) + ∆t
2
[V, V ](ξα), ∆ǫ is odd variable.
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It is lear that suh integral is not well dened for all elements of the superalgebras
Pol (ΠTR0|n) and C∞(ΠTR0|n), beause the manifold Rn (the typial ber in ΠTR0|n)
is not ompat. The berezinian of the transformation (2) is equal to unity, therefore
the integral (12) is oordinate independent; moreover, the odd per-partes integration
formula (the odd Stokes theorem) holds,
I[(Qf) ∧ g] = (−1)f˜+1 I[f ∧ (Qg)] ⇔ I[Q(f ∧ g)] = 0 . (13)
An arbitrary supermap Φ : R0|n → R0|m denes (in aordane with (2)) the supermap
Φ↑ : ΠTR0|n → ΠTR0|m. The orresponding superalgebra homomorphism Φ↑∗ :
C∞(ΠTR0|m)→ C∞(ΠTR0|n) is the pull-bak of the supermap Φ over (pseudo)dierential
forms. For the vetor eld V ∈ X(R0|n), whih generates the (super)ow (dieomor-
phism) on the supermanifold R0|n, the general formula for the pull-bak reads:
f 7→ f(t, ǫ) ≡ [Φ(t, ǫ)(V
↑)]∗ f =
{ exp {t V ↑} f for V˜ = 0 ,
exp {ǫ V ↑ + t
2
[V ↑, V ↑]} f for V˜ = 1 .
(14)
3 Metri and Killing's vetor elds
The metri may be introdued on an arbitrary m|n-dimensional smooth supermanifold
M (in partiular, on an ordinary manifold M) as an even regular (non-degenerate)
quadrati funtion in ber variables on a tangent bundle TM. In our ase M = R0|n
and the metri has the form
g = g(ξ, σ) = gαβ(ξ) ∧ σ
α ∧ σβ , (15)
where funtions gαβ(ξ) = −gβα(ξ) are even elements of F(R
0|n) (roughly speaking,
omponents of metri tensor in oordinates (ξ1, . . . , ξn)). The non-degeneray ondition
reads
|g| := det(gαβ) 6= 0 . (16)
Let us emphasize that non-degeneray of g implies that the even skew-symmetri matrix
gαβ is invertible. Consequently, 0|n-dimensional supermanifold R
0|n
an be Riemannian
only if n is even (this fat is strongly reminisent of the situation in sympleti geome-
try), therefore our next analysis will be performed only for pure odd, even-dimensional
supermanifolds R0|2n.
An arbitrary vetor eld V = V (ξα)∂ξα ∈ X(R
0|2n) ould be vertially lifted from the
base supermanifold R0|2n to the tangent bundle TR0|2n: the oordinate expression for
vertially lifted vetor eld over the tangent bundle is very simple
V↑ver = V (ξ
α)∂σα ⇒ V˜↑ver = V˜ . (17)
The metri g on the supermanifold R0|2n allows us to dene the inner produt of
vetor elds on R0|2n as follows
(V , W )g := (−1)
W˜+1 V↑ver
[
W↑ver
(g
2
)]
= V (ξα) ∧ gαβ(ξ) ∧W (ξ
β) . (18)
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It is lear that for all vetor elds V, W, U ∈ X(R0|2n) homogeneous with respet to
parity and arbitrary funtion f ∈ F(R0|2n) the following relations are valid
˜(V , W )g = V˜ + W˜ ,
(V , W )g = −(−1)
(V˜ +1)(W˜+1)(W , V )g odd graded skew-symmetry ,
(V + fU , W )g = (V , W )g + f(U , W )g
(V , W + fU)g = (V , W )g + (−1)
V˜ f˜f(V , U)g
}
graded f -linearity .
(19)
In the ordinary dierential geometry, it is well known, that apart from the vertial
lifting proedure there also exists a anonial horizontal lift of vetor eld from the
base R0|2n to the tangent bundle TR0|2n. An arbitrary even [odd℄ vetor eld V =
V (ξα)∂ξα ∈ X(R
0|2n) indues an innitesimal ow [superow℄ on the base supermanifold
R0|2n. Suh innitesimal dieomorphism of R0|2n, in aordane with (1), generates the
(super)ow on the tangent bundle TR0|2n. Its generator is the vetor eld
V ↑hor = V (ξα) ∂ξα +
[
σβ∂ξβ
(
V (ξα)
)]
∂σα ⇒ V˜
↑hor = V˜ . (20)
The origin of the horizontal lifted vetor eld V ↑hor ∈ X(TR0|2n) is the same as the
origin of the vetor eld V ↑ ∈ X(ΠTR0|2n), whih ats as Lie derivative on the algebra
of (pseudo)dierential forms.
The onformal Killing's vetor elds on the Riemannian supermanifold R0|2n are
solutions of the system of n(2n− 1) algebrai equations
χ ∧ g = V ↑hor( g )⇔ χ ∧ gαβ = V
µ(gαβ), µ + (−1)
V˜
[
gαµ(V
µ), β − gβµ(V
µ), α
]
, (21)
where χ ∈ F(R0|2n) is even onformal saling funtion and (f), µ = ∂ξµ [f(ξ)]. It is
evident that the linear ombination of two onformal Killing's vetor elds is again the
onformal Killing's vetor eld, and beause
[V , W ]↑hor = [V ↑hor , W ↑hor ] ,
the superommutator of two onformal Killing's vetor elds is a generator of onfor-
mal transformation of the supermanifold R0|2n, too.
It is possible to show that the Lie superalgebra of pure Killing vetor elds (χ = 0) over
R0|2n is at a most n(2n+1)|2n-dimensional subsuperalgebra of n2(2n)|n2(2n)-dimensional
Z2-graded algebra X(R
0|2n). The proof is analogial as in the ordinary dierential ge-
ometry, but we do not prove this statement here, beause it is not neessary for our
next onstrution and, moreover, it requires the denition of a new supergeometrial
notion, namely, the exponential (super)mapping.
Let us note that in analogy with ordinary dierential geometry it is possible in su-
pergeometry to dene objets, similarly as it was done with metri, whih orrespond
(from ordinary geometrial point of view) to ovariant [ontravariant℄ symmetri and
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anti-symmetri tensors:
Covariant [ontravariant ℄ symmetri tensor eld of rank k over an arbitrary smooth
supermanifold M (in partiular, on an ordinary manifold M) is dened as the poly-
nomial funtion of degree k in ber variables on the tangent [otangent℄ bundle TM
[T ∗M℄.
Anti-symmetri ovariant [ontravariant ℄ tensors (dierential forms [multivetor elds℄)
are analogially enoded in the polynomials in ber variables on the odd tangent [odd
otangent℄ bundle ΠTM [ΠT ∗M℄. More detailed (but not exhaustive) desription of
the tensorial superalulus on smooth supermanifolds may be found, e.g. in [9℄,[11℄,[13℄.
4 Hodge ∗g, o , Integral forms and Co-dierential
As in the ase of ordinary dierential forms, the metri is an essential ingredient in the
denition of Hodge ∗g, o. Beause now we are familiar with all its relevant ingredients,
we are able to dene this operator.
For the funtion f = f(ξ, y) ∈ [C∞(ΠTR0|2n)](k) ((pseudo)dierential forms over R0|2n)
the Hodge ∗g, o operator is formally dened by its Fourier transform in the bre
variables yα, namely
(∗g, of)(ξ, y) :=
(ı)fˆ
(2π)n
∫
R2n
dz(o
√
|g|) ∧ f(ξ, z) ∧ exp {−ızαgαβy
β} , (22)
where the symbol fˆ denotes the parity with respet to even variables, i.e fˆ = k|mod 2
and the orientation o = ±1 (beause the square root of |g| is uniquely dened up
to sign). In what follows, to simplify notation, we will put o = 1 and subsript
o will be omitted. It is lear that the Hodge ∗g operator is dened on elements from
Pol (ΠTR0|2n) only in sense of distributions. Suh generalized funtions with one point
support on the supermanifold ΠTR0|2n are alled integral forms over the odd tangent
bundle and we denote them as ∗( Pol (ΠTR0|2n)). A straightforward alulation shows
that the denition of the Hodge star operator does not dependent on the hoie of
oordinates. The denition (22) is stritly orret only for funtions from C∞(ΠTR0|2n)
that are behaving well in the variables yα at innity (e.g. funtions with ompat
support). The basi properties of the Hodge star operator an be obtained from the
denition (22):
∗̂gf = fˆ , ∗˜gf = f˜ , Q̂(∗gf) = fˆ + 1, Q˜(∗gf) = f˜ + 1, ∗g(∗gf) = (−1)
fˆf.
Similarly, like in the standard dierential geometry, the metri g and the DeRham
dierential Q dene a new operator δg ating on (pseudo)dierential forms. This
operator, alled o-dierential is dened by equation
Q(h) ∧ ∗gf −Q(h ∧ ∗gf) =: (−1)
h˜h ∧ ∗g(δgf) , (23)
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where funtions h , f ∈ C∞(ΠTR0|2n) are homogenous elements with respet to Grass-
mann and ber variables respetively. From this denition it follows
δg(f) = (−1)
fˆ ∗g Q ∗g f =
[ ∂
∂ ξα
−
∂ ln
√
|g|
∂ ξα
− yµ
∂gµν
∂ ξα
gνλ
∂
∂ yλ
]
gαβ
∂f
∂ yβ
(24)
where gαµ(ξ) is inverse to the matrix gµβ(ξ), i.e. g
αµ(ξ)∧gµβ(ξ) = δ
α
β . All basi proper-
ties of the o-dierential on Riemannian supermanifoldR0|2n are given by equation (24),
and may be dedued from the properties of Hodge star operator and DeRham dieren-
tial. It is immediately evident from (22) and (24) that for arbitrary (pseudo)dierential
form f and any supermap Φ : R0|2n → R0|2m it holds
Φ↑∗[∗gf ] = ∗(Φ∗g)(Φ↑
∗f) and Φ↑∗[δg(f)] = δ(Φ∗g)(Φ↑
∗f) , (25)
where Φ∗g denotes the pull-bak of the metri g (funtion over the tangent bundle)
with respet to supermap dΦ (dierential of the supermap Φ).
The "inner produt" of (pseudo)dierential forms over R0|2n is a neessary tool for
building a "reasonable" physial theory on suh supermanifold. If f , h are homogenous
elements with respet to Grassmann variables from the superspae [C∞(ΠTR0|2n)](k),
then their "inner produt" is dened by
〈f, h〉g := I[f ∧ ∗gh] . (26)
It is lear that the "inner produt" 〈 . , . 〉g is R-linear and, moreover,
〈f, h〉g = (−1)
k〈h, f〉g(−1)
f˜ h˜ ,
0 = 〈Even in ξ, Odd in ξ〉g , (27)
〈Q(f), h〉g = (−1)
f˜〈f, δg(h)〉g .
Let us note that the Laplae-DeRham operator dened on (pseudo)dierential forms
by
∆g := −(Qδg + δgQ) (28)
is self-adjoint with respet to the "inner produt" (26). We use the name "inner
produt" in quotation marks ex industria, to emphasize the peuliar fat that 〈 . , . 〉g,
given by (26), is not always non-degenerate (e.g. for the losed even 2-forms over
supermanifold R0|2 with metri g = ǫαβ ∧ σ
α ∧ σβ it holds 〈 . , . 〉g ≡ 0).
5 Grassmann Eletrodynamis
The sympleti mehanis and lassial eletrodynamis are undoubtedly nie and sim-
ple appliations of dierential geometry in lassial physis. The Grassmann eletro-
dynamis is a natural "grassmannisation" of the well known version of ordinary even
eletrodynamis to the odd one. The inspiration for suh a bit extravagant theory is
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provided by Cartan alulus on a pure odd Riemannian supermanifold R0|2n and by the
geometrial formulation of lassial eletrodynamis (see e.g., interesting monographs
[14℄,[15℄, or the textbook [16℄).
The eletromagneti eld on the supermanifold R0|2n ("Grassmann spae-time") is de-
sribed by the potential 1-form
A = A(ξ, y) = Aα(ξ)y
α ≡ Aα(ξ) dξ
α , where Aα(ξ) ∈ [
∧
R2n][1] . (29)
Sine the spae of all odd potential 1-forms on the supermanifold R0|2n is nite dimen-
sional, dim([ Pol (ΠTR0|2n)]
(1)
[1] ) = n2
2n
, the "Grassmann eletromagnetism" possesses
only nite number of degrees of freedom.
The losed eletrodynamis 2-form
F := Q(A) ∈ [ Pol (ΠTR0|2n)]
(2)
[0] , (30)
is invariant under the gauge transformations
A 7→ A′ = A+Q(f) , where f ∈ [
∧
R2n][0] . (31)
Externals soures in suh theory are desribed by the urrent 1-from
J = J(ξ, y) = Jα(ξ)y
α ≡ Jα(ξ) dξ
α , where Jα(ξ) ∈ [
∧
R2n][1] . (32)
The dynamis of the Grassmann eletromagneti eld is governed by the ation
S[A, J, g] := −
1
2
〈Q(A) , Q(A)〉g + 〈J , A〉g , (33)
whih is a funtional (stritly speaking only a funtion, beause the Grassmann eletro-
dynamis has nite number of degrees of freedom) of the potential and urrent 1-forms
A and J and also of the metri tensor g. Variation of the ation (33) with respet
to the potential A (without any boundary ondition) leads (in the ase when 〈 . , . 〉g
is regular "inner produt" over 1-forms) to the set of algebrai Grassmann-Maxwell
equations, whih an be written in a ompat form as
δgF = −J . (34)
The Grassmann-Maxwell equations are internally onsistent only if the urrent 1-form
J is o-losed, i.e. if
δgJ = 0 ⇔ Q(∗g J) = 0 . (35)
This is the ontinuity equation for the external urrents.
To bring this extravagany to the top of its bent, we split oordinates overing "Grass-
mann spae-time" R0|2n = R0|(2n−1) ⊕ R0|1 to the "spae" oordinates (ξ1, . . . , ξ2n−1)
and the "time" oordinate (ξ2n = τ). We restrit the losed integral form ∗gJ ∈
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∗( Pol (ΠTR0|2n)) to the "spae" hyper-surfae R0|(2n−1). The Grassmann harge re-
lated to external soures is then dened as an integral of the restrited form (∗gJ) | ξ2n=τ
y2n=0
over "Grassmann spae" subsupermanifold R0|(2n−1), namely
QGr(τ) :=
∫
∧
R2n−1
dξ
∫
R2n−1
dy (∗gJ)(ξ, y)
∣∣∣
ξ2n=τ
y2n=0
≡ ISp
[
(∗gJ) | ξ2n=τ
y2n=0
]
. (36)
The odd vetor eld T = ∂τ denes a orresponding "Grassmann time" evolution. It
is lear from equations (7), (8) and (35) that
T (∗gJ) = T
↑(∗gJ) = Q[T↑(∗gJ)] + T↑[Q(∗gJ)] = Q[T↑(∗gJ)] .
Last equation and the odd Stokes theorem (13) imply that
0 = −ISp
[
Q
(
T↑(∗gJ) | ξ2n=τ
y2n=0
)]
= · · · = T
(
ISp
[
(∗gJ) | ξ2n=τ
y2n=0
])
=
∂QGr
∂ τ
. (37)
Let us remark that similarly as in the ordinary eletromagnetism, it is possible to x
gauge freedom (of eletromagneti 2-form F ) by imposing the ondition
δgA = 0 . (38)
This Lorentz gauge ondition does not dene the funtion f in the gauge transformation
(31) uniquely. Let us note that this unertainty in the hoie of the gauge xing
funtion f is similar as in the ordinary eletrodynamis: to any solution of the Poisson
equation ∆gf = δgA, whih determines f , it is always possible to add a solution of the
homogeneous (Laplae) equation.
To eliminate this ambiguity in the ordinary eletromagnetism (gαβ = ηαβ , i.e. in
(3 + 1)-Minkowski spae-time), we need to x the boundary onditions for the gauge
xing funtion f (usually f(x) → 0 for x → ∞), beause then the Poisson equation
∆ηf = δηA has unique solution
2
.
Unfortunately, this does not work in the ase of the Grassmann eletrodynamis, where
the boundary ondition ould be most naturally established by requirement that 0 =
f(ξ)|ξ=0 (the absolute term in f does not ontribute to gauge transformation (31)). The
problem onsists in an unpleasant fat that the Laplae-DeRham operator restrited
to the funtions
3
∆gf = δg Q(f) =
∂
∂ ξα
gαβ
∂f
∂ ξβ
−
∂ ln
√
|g|
∂ ξα
gαβ
∂f
∂ ξβ
(39)
is not invertible. This peuliar fat has a serious onsequene: it is not possible to quan-
tize the Grassmann-Maxwell theory by using Faddeev-Popov method in a straightfor-
ward way, beause after applying gauge xing ondition (38) there still remains relative
2
Let us note that this statement is not true for the general Riemannian manifold (M, g), sine
the solution of the Poisson equation in partiular physial situations onstitutes a serious problem of
mathematial physis.
3
sometimes alled as the Laplae-Beltrami operator
10
"rih" gauge freedom, whih is represented by the subgroup Ker∆g. Similar problems
arise also with another gauge xing onditions, e.g. ξµAµ(ξ) = 0 (radial gauge) or
A2n(ξ) = 0 (Hamiltonian gauge) and therefore the problem of the quantization will
not be disussed in this paper. The reason is down-to-earth, needs an individual ap-
proah from the ase to ase.
The Grassmann-Maxwell equations (34) ould be rewritten in Lorentz gauge (38) in
the form
∆gA = J . (40)
Now, let us onsider the ase of a free eletromagneti eld (J ≡ 0). The variation of
the ation (33) with respet to the metri g
S[A, g +∆th] = S[A, g]−∆t
∫
∧
R2n
dξ√
|g|
1
2
hαβ(ξ) T
αβ(ξ) + o(∆t) , (41)
where ∆th is the perturbation of metri (∆t is an innitesimal real parameter) and
dξ
√
|g−1| is invariant Berezin integral measure, denes the ovariant tensor eld (a
quadrati funtion in the ber variables of the tangent bundle):
T = T (ξ, σ) = Tαβ(ξ) ∧ σ
α ∧ σβ , where Tαβ := gαµgβνT
µν . (42)
It is the energy-momentum tensor of the free Grassmann eletromagneti eld. It is
lear from denition equation (41) that in the energy-momentum tensor T only the
skew-symmetri part is uniquely xed (ontrary to standard eletrodynamis, where
the same is true of the symmetri part). Namely,
Tαβ = −
1
2
∫
R2n
∫
R2n
dydz
(2π)n
|g| ∧ {gαβ + ı(zαyβ − zβyα)} ∧ {F (ξ, y) ∧ F (ξ, z)} ∧ e
−ızµgµνyν ,
where zα = gαµz
µ
and yβ = gβνy
ν
.
The energy-momentum tensor is a fundamental physial objet that enables us to on-
strut preserving quantities, whih orrespond to the spae-time symmetries assoiated
with (onformal) Killing's vetor elds. Our next steps will be more general and nal
results ould be automatially applied to Grassmann eletrodynamis disussed above.
Consider now an arbitrary eld ψ (funtion, 1-form, tensor eld,...) over the super-
manifold R0|2n with xed metri g. Let us assume that the dynamis of the eld ψ is
governed by the ation
S[ψ, g] =
∫
∧
R2n
dξ√
|g|
[
L(ψ, g)
]
(ξ) , (43)
whih is natural with respet to dieomorphisms, i.e.
Φ∗
(
L(ψ, g)
)
= L
(
Φ∗(ψ), Φ∗(g)
)
, (44)
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for any Φ ∈ Di (R0|2n). If V ∈ X(R0|2n) is an arbitrary even vetor eld, V denes
the innitesimal ow Φ∆t(V ) on the Riemannian supermanifold R0|2n. The assoiated
horizontally lifted even vetor elds V ↑, V ↑hor , ... generate the orresponding ows
Φ∆t(V ↑...) over supermanifolds ΠTR0|2n, TR0|2n, ... and onsequently the pull-baks
Φ∗∆t(V
↑...) over forms, symmetri ovariant tensors elds and so on. Sine the berezini-
ans of all suh lifted ow-transformations are identially equal to unity and beause
the ation (43) is natural with respet to supergroup Di (R0|2n), we ould write
S[ψ, g] = S[Φ∗∆t(V
↑...)(ψ), Φ∗∆t(V
↑hor)(g)]
= S[ψ +∆tV ↑...(ψ) + o(∆t), g +∆tV ↑hor(g) + o(∆t)] .
If the eld ψ is the solution of the dynamial equations, i.e. δS
δψ
= 0, previous equation
implies that
0 =
∫
∧
R2n
dξ√
|g|
1
2
(V ↑horg)αβ T
αβ , where T αβ(ξ) = −2
√
|g|
δS[ψ, g]
δgαβ(ξ)
. (45)
Expliit oordinate expression (20) for the horizontal lift V ↑hor (V is even) allows us
to write
1
2
(V ↑horg)αβ T
αβ = V µ
[
1
2
(gαβ), µT
αβ√
|g|
−
(
gµαT
αβ√
|g|
)
, β
]
−
(
V µgµαT
αβ√
|g|
)
, β
. (46)
Sine the equation (45) is valid for all even vetor elds V ∈ X(R0|2n) (omponents
V µ(ξ) = V (ξµ) are odd funtions and
∫
dξ ( ), β ≡ 0), we onlude that
ψ satises
δS
δψ
= 0 ⇒
1
2
(gαβ), µT
αβ√
|g|
−
(gµαT αβ√
|g|
)
, β
≡ 0 . (47)
This equation is a ompat formulation of onservation laws, beause from ordinary
point of view, equation (47) is equivalent to the statement that (T µβ);β = 0. Now, it
beomes lear that for an arbitrary Killing's vetor eld V ∈ X(R0|2n) (the generator
of an isometry of R0|2n) the 1-form
TV = TV (ξ, y) :=
1
2
V↑ver
(
Tαβ(ξ) ∧ σ
α ∧ σb
)∣∣∣∣
σ 7→ y
(48)
is o-losed, i.e. Q(∗gTV ) = 0 (oasionally we are using metri to raise and lower
indies, in order to make our nal formulae more ompat). If moreover T µµ = 0, the
same is true for the arbitrary onformal Killing's vetor eld and therefore the quantity
QV (τ) := ISp
[
(∗gTV ) | ξ2n=τ
y2n=0
]
(49)
is an integral of motion (i.e. ∂τ [QV (τ)] = 0) and TV is orresponding Noether's urrent
assoiated to the (onformal) Killing's vetor eld V ∈ X(R0|2n). The proof of this
assertion is the same as for the Grassmann harge QGr disussed above.
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6 Connetion and Grassmann General Relativity
In this setion we shall try to unover the Grassmann analogy of the Einstein's theory
of General Relativity. We shall derive equations, whih will govern the dynamis of the
metri on the pure odd Riemannian supermanifold (R0|2n , g), but before this we are
fored to establish a neessary supermathematial tool, namely the linear onnetion.
The inspiration for suh "monstrosity" omes from the standard General Relativity
(see e.g., [17℄, [18℄) and from the supergeometry disussed above.
We start with the denition of the linear onnetion (the quintessene of general
relativity) on funtions and vetor elds for the general (not neessary Riemannian)
pure odd supermanifolds. Connetion (ovariant derivative ∇ with respet to vetor
eld V ∈ X(R0|n)) over funtions F(R0|n) is trivial: we require (analogially as in the
ordinary ase) that ∇V f := V f . Connetion over vetor elds is the operation
∇ :
(
X(R0|n)
)2
→ X(R0|n) , (V, W ) 7→ ∇VW , (50)
whih in addition for arbitrary vetor elds V, W, U ∈ X(R0|n) and funtion f ∈
F(R0|n) (all this objets are onsidered here and below as homogenous elements with
respet to parity) satises:
∇˜VW = V˜ + W˜ ,
∇V+fUW = ∇VW + f∇UW , (51)
∇V (W + fU) = ∇VW + (V f)U + (−1)
V˜ f˜f ∇V U .
It is lear that the full information about onnetion ∇ on supermanifold R0|n is
uniquely enoded into n3 Christoel symbols (odd funtions) Γγαβ := (∇∂ξβ∂ξα)(ξ
γ),
i.e. Γγαβ(ξ) are omponents of the vetor eld ∇∂ξβ ∂ξα with respet to oordinates
frame (ξ1, . . . , ξn). If ξα 7→ Ξα(ξ), then Γ's transform as
Γ′
γ
αβ =
∂ Ξγ
∂ ξλ
∂ ξµ
∂ Ξα
∂ ξν
∂ Ξβ
Γλµν +
∂ ξµ
∂ Ξα
∂ ξν
∂ Ξβ
∂
∂ ξµ
(∂ Ξγ
∂ ξν
)
.
In the same spirit as in the ase of ordinary onnetion, the torsion assoiated to on-
netion∇ is the (super)tensorial (i.e. graded skew-symmetri and graded f -multilinear)
operation T∇ dened by
T∇ :
(
X(R0|n)
)2
→ X(R0|n) , (52)
(V,W ) 7→ T∇(V,W ) := ∇VW − (−1)
V˜ W˜∇WV − [V,W ] .
Let us note that T∇(∂ξα, ∂ξβ) = (Γ
γ
αβ+Γ
γ
βα)∂ξγ = T∇(∂ξβ , ∂ξα) and therefore the torsion
vanishes identially only in the ase, when the onnetion ∇ on the supermanifold R0|n
is anti-symmetri, i.e. Γγαβ = −Γ
γ
βα.
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The urvature tensor R∇ assigned to the onnetion ∇ is naturally dened as the
supermap
R∇ :
(
X(R0|n)
)3
→ X(R0|n) , (53)
(V,W, U) 7→ R∇(V,W, U) := [∇V ,∇W ]U −∇[V,W ]U ,
where [∇V ,∇W ] = ∇V∇W − (−1)
V˜ W˜∇W∇V . Obvious oordinate expression for the
urvature tensor R∇ is
R∇(∂ξµ , ∂ξν , ∂ξβ) = R
α
βµν∂ξα =
{
(Γαβµ), ν + (Γ
α
βν), µ − Γ
λ
βµΓ
α
λν − Γ
λ
βνΓ
α
λµ
}
∂ξα . (54)
Apart from the basi properties of the torsion T∇ and urvature R∇, whih have arisen
as straightforward onsequenes of their denitions, one also obtains two useful and
powerful identities, namely the Rii identity∑
cycl.
permut.
(−1)V˜ U˜
{
R∇(V,W, U)−∇V
(
T∇(W,U)
)
− T∇(V, [W,U ])
}
= 0 (55)
and the Bianhi identity∑
cycl.
permut.
(−1)V˜ U˜
{[
∇V , R∇(W,U, .)
]
+R∇(V, [W,U ], .)
}
= 0 . (56)
The proof of these assertions is not diult, it is mainly a tehnial matter, whih
needs patiene, large sheet of paper and knowledge about the (super)Jaobi identity
stating that (−1)V˜ U˜ [V, [W,U ]] + yl. permut. = 0 for any V, W, U ∈ X(R0|n).
On the odd Riemannian supermanifold (R0|2n, g) it is possible to require, analogially
as in the ordinary ase, the ompatibility between onnetion ∇ and metri g, whih
means that for arbitrary vetor elds V, W, U on R0|2n it should holds
∇V (W , U)g = (∇VW , U)g + (−1)
V˜ (W˜+1)(W , ∇V U)g . (57)
As was mentioned above, the onnetion ∇ an be uniquely dened by (2n)3-odd
funtions (Γ), ompatibility ondition (57) gives 2n2(2n − 1)-seondary onstrains on
the Christoel symbols
(gαβ), γ = gαµΓ
µ
βγ − gβµΓ
µ
αγ .
But there still remains 2n2(2n + 1)-degrees of freedom for the Christoel Γ's, the
residual ambiguity ould be eliminated by requirement that onnetion ∇ is without
torsion (T∇ = 0) or equivalently that ∇ is anti-symmetri. The nal expression for
the Christoel symbols related to the metri and anti-symmetri onnetion ∇ is very
simple, and similar to the ordinary one. Namely,
Γγαβ =
1
2
gγµ
[
(gµα), β − (gµβ), α − (gαβ), µ
]
≡ gγµ Γµαβ . (58)
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The pure metriity of the onnetion ∇ (in priniple T∇ 6= 0) implies that(
R∇(V,W )X , Y
)
g
= (−1)(X˜+1)(Y˜ +1)
(
R∇(V,W )Y , X
)
g
, (59)
the last equation together with anti-symmetry of∇ reveal another interesting symmetry
of the supermap R∇:(
R∇(V,W )X , Y
)
g
(−1)Y˜ = (−1)(V˜ +W˜ )(X˜+Y˜ )
(
R∇(X, Y )V , W
)
g
(−1)W˜ . (60)
The proof of these identities is very simple and it is primarily based on the fat that for
any funtion f ∈ F(R0|2n) it holds [∇V ,∇W ]f −∇[V,W ]f = 0. The hoie f = (X , Y )g
gives (59). The statement (60) is just a onsequene of previous one together with
Rii identity without torsion terms.
Heneforth, we work only with the Grassmann-Levi-Civita ∇, whih is torsionless and
ompatible with metri g. In suh ase, it is evident that the urvature tensor R∇ over
the Riemannian supermanifold (R0|2n, g) has only n
2
3
[4n2−1]+n[4n2+1] independent
omponents Rαβµν , whih is indeed more than in ordinary ase for the same dimension.
Now we are able to desribe the gravity on R0|2n. The free dynamis of the metri g is
governed by the Grassmann-Hilbert ation
SG−H [g] :=
∫
∧
R2n
dξ√
|g|
R , (61)
where the Rii salar R is dened by
R := gβαRµαµβ = g
βα
{
(Γµαβ), µ + (Γ
µ
αµ), β − Γ
λ
αβΓ
µ
λµ − Γ
λ
αµΓ
µ
λβ
}
. (62)
The rst two terms in the ation (61) an be simplied by per-partes integration
(
∫
dξ ( ), µ ≡ 0). After suh treatment we obtain more onvenient expression, namely
SG−H [g] =
∫
∧
R2n
dξ√
|g|
G , where G = gβα
{
ΓµαβΓ
λ
µλ + Γ
λ
αµΓ
µ
λβ
}
. (63)
The variation of (63) with respet to the metri g (without any boundary onditions,
forasmuh as the surfae terms do not ontribute) leads to the system of algebrai
equations
∂(
√
|g−1| G)
∂gαβ
−
∂
∂ξµ
[
∂(
√
|g−1| G)
∂(gαβ), µ
]
= 0 , (64)
whih ditates the evolution of the free gravitational eld. It is always possible to add
to the Grassmann-Hilbert ation a mater term of the form (43), and then the variation
of SG−H [g] + Smater[ψ, g] with respet to g, gives the Grassmann-Einstein equations
∂(
√
|g−1| G)
∂gαβ
−
∂
∂ξµ
[
∂(
√
|g−1| G)
∂(gαβ), µ
]
=
1
2
√
|g−1|T αβ , (65)
where T αβ is the energy-momentum tensor (45) related with the mater elds.
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